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The Twisted Derivation Problem for Group
Rings
Dishari Chaudhuri
Abstract. We study (σ, τ )-derivations of a group ring RG where R is a
semiprime ring with 1 and G is a group with center having finite index
in G. We generalize Main Theorem 1.1 of [Cha19] and prove that any R-
linear (σ, τ )-derivation of RG will be of the form δ(γ) = ατ (γ)− σ(γ)α
for all γ ∈ RG, where α ∈ TG for some ring T such that R ⊂ T sat-
isfying Z(R) ⊂ Z(T ). We provide applications of the above result and
Main Theorem 1.1 of [Cha19] to integral group rings of finite groups and
connect twisted derivations of integral group rings to other important
problems in the field such as the Isomorphism Problem and the Zassen-
haus Conjectures. We also give an example of a group G which is both
locally finite and nilpotent and such that for every field F , there exists
an F -linear σ-derivation of FG which is not σ-inner.
Mathematics Subject Classification (2010). Primary 16S34; Secondary
16W25.
Keywords. Group Rings, Twisted Derivations.
1. Introduction
Let R be a ring with 1 and σ, τ be two different endomorphisms of R.
A (σ, τ)-derivation δ : R → R is an additive map satisfying δ(ab) =
δ(a)τ(b) + σ(a)δ(b) for all a, b ∈ R. If x is a fixed element in R and the
(σ, τ)-derivation δx on R is such that δx(a) = xτ(a)−σ(a)x, then δx is called
a (σ, τ)-inner derivation of R induced by x. If τ = id, then δ and δx are
simply called σ-derivation and σ-inner derivation respectively. If σ = τ = id,
then δ and δx are respectively the ordinary derivation and inner derivation
(coming from x) of R. Such twisted derivations were mentioned by Jacobson
as (s1, s2)-derivations in [Jac56] (Chapter 7.7) and were used in the study
of generalization of Galois theory over division rings. Later on they have
been more commonly referred to as (σ, τ)-derivation or (α, β)-derivation or
The author is thankful to IISER Mohali for providing fellowship when this project was
carried out.
2 D. Chaudhuri
(θ, φ)-derivation (e.g., Argac¸ et al. [AKK87], Bresˇar and Vukman [BV91] to
name just a few) and have been studied extensively for prime and semiprime
rings (see [AAC06] for a survey on such results). They have also been used
in the study of q-difference operators in number theory ([And01], [Viz02]). In
the last decade some major applications of (σ, τ)-derivations were given by
Hartwig et al. in their highly influential work [HLS06]. They found a way for
the study of deformations of Witt algebra and constructed generalizations of
Lie algebras known as hom-Lie algebras with the help of such derivations.
Just as algebras of derivations become Lie algebras, hom-Lie algebras were
constructed so that they appear as algebras of twisted derivations wth some
added natural conditions. Since then the study of these kinds of twisted
derivations have gained a new momentum as hom-Lie algebras form very in-
teresting mathematical objects. Such structures are used to study deforma-
tions and discretizations of vector fields that have widespread applications to
quantum physics. Twisted derivations and hom-Lie algebras also have various
applications in algebraic geometry and number theory ([Lar17]). The latter
also gives an elaborate motivation and philosophy behind the construction of
such structures with the help of twisted derivations.
Twisted derivations were introduced and studied mostly in the commu-
ative ring setting. The most common examples of (σ, τ)-derivations are of the
form a(τ −σ) for some suitable element a in the ring or some extension of it.
It can be shown in many commutative rings all twisted derivations are of this
form. Exclusive examples can be found in Tables 1 of [Har02] and [ELMS16].
We however are interested in twisted derivations of non-commutative rings,
in particular, group rings. As we will see in many group rings also all twisted
derivations can be of similar form. But we also provide an example when it is
not of the above form. Ordinary derivations on group rings are well studied
by Spiegel [Spi94] and Ferrero et al. [FGM95]. We will denote by Z(A) the
center of the algebraic object (group or ring) A. In an earlier work, we have
proved the following:
Theorem A (Main Theorem 1.1, [Cha19]). Let G be a finite group and R
be an integral domain with 1 with characteristic 0 or p such that p does not
divide the order of G.
1. If R is a field and σ, τ are R-algebra endomorphisms of RG such that
they fix Z(RG) elementwise, then every R-linear (σ, τ)-derivation of
RG is (σ, τ)-inner.
2. If R is an integral domain that is not a field and σ, τ are R-linear
extensions of group homomorphisms of G such that they fix Z(RG)
elementwise, then every R-linear (σ, τ)-derivation of RG is (σ, τ)-inner.
Now the definition of a (σ, τ)-derivation is given for only one pair of en-
domorphisms σ, τ at a time and different endomorphisms might give different
properties for such derivations. Thus it is essential to study (σ, τ)-derivations
of an algebra for different endomorphisms on it. Also σ and τ are taken to
be R-linear extensions of group endomorphisms of G in Theorem A, part
2. Due to such strong assumptions on σ and τ many interesting cases like
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changes of group bases inside the group ring, e.g., by conjugation with units,
are excluded. Also G was assumed to be finite in Theorem A. In this present
work, we take into account most of such cases and examine the properties in
much more generality as we take R to be a semiprime ring with 1, G a torsion
group with its center having finite index in G and σ, τ to be R-linear central
endomorphisms of RG, that is, they fix the center of RG elementwise. So here
σ(G), τ(G) ⊆ RG. Then we apply our results to integral group rings of finite
groups and connect twisted derivations of group rings to other important
problems of the field such as the Isomorphism Problem or the Zassenhaus
Conjectures. Also group rings share very intriguing Lie algebraic properties.
It will be very interesting to investigate their hom-Lie algebraic properties as
well, but for that one needs to understand twisted derivations of group rings
first.
Recall that a ring R is said to be of characteristic 0 if R has no non-
zero torsion elements. Otherwise, there exists a set P of prime integers such
that for every prime p ∈ P there exists a non-zero ideal I of R satisfying
pI = 0. Any of the primes p ∈ P is called a characteristic of R. We now state
our main result:
Theorem 1.1. Let R be a semiprime ring with 1 and G be a torsion group
such that [G : Z(G)] < ∞. Suppose that either char R = 0 or for every
characteristic p of R, p does not divide o(g), for all g ∈ G. If σ and τ are
central R-endomorphisms of RG, there exists a ring T containing R such that
Z(R) ⊂ Z(T ) and δ = δx for some x ∈ TG.
Our manuscript has been divided into four sections. Section 2 contains
some known results on (σ, τ)-derivations to be used later and a brief overview
of the important problems on integral group rings. Section 3 is devoted to the
proof of Theorem 1.1. In section 4 we apply Theorem 1.1 and Theorem A to
integral group rings of finite groups (Theorems 4.1, 4.4) and also comment on
twisted derivations of commutative group algebras (Theorem 4.6). We also
provide a counter example (4) to show that Theorem 1.1 may not hold in
general.
2. Useful Results
Let R be a commutative ring with 1 and A be an algebra over R. Let σ, τ be
two different R-algebra endomorphisms on A. The set of all R-linear (σ, τ)-
derivations on A will be denoted by D(σ,τ)(A). The following properties of
(σ, τ)-derivations can be checked very easily and can also be found in Section
2 of [Cha19]. All such derivations are assumed to be R-linear in the following.
Lemma 2.1. The following properties are satisfied by (σ, τ)-derivations on A.
1. If A is unital, then for any (σ, τ)-derivation δ, δ(1) = 0.
2. D(σ,τ)(A) is an R-module as δ1 + δ2, rδ1 ∈ D(σ,τ)(A) for δ1, δ2 ∈
D(σ,τ)(A) and r ∈ R.
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3. When σ(x)a = aσ(x) (or τ(x)a = aτ(x)) for all x, a ∈ A, and in partic-
ular when A is commutative, D(σ,τ)(A) carries a natural left (or right)
A-module structure by (a, δ) 7−→ a.δ : x 7→ aδ(x).
4. For x, y ∈ A, the (σ, τ)-inner derivations satisfy: δx+y = δx + δy.
5. For (σ, τ)-inner derivations δx, δy for some x, y ∈ A, δx = δy if and
only if (x− y)τ(a) = σ(a)(x − y) for all a ∈ A.
6. Let σ and τ be algebra homomorphisms on A that fix Z(A) elementwise.
Then for a (σ, τ)- derivation δ on A, we have δ (αn) = nαn−1δ(α) for
all α ∈ Z(A).
The following is Corollary 2.9 of [Cha19].
Corollary 2.2. Let A be a finite dimensional central simple algebra with 1 over
a field F . Let σ and τ be non-zero F -algebra endomorphisms of A. Then any
F -linear (σ, τ)-derivation of A is a (σ, τ)-inner derivation of A.
The following is Theorem 4 of [HLS06].
Theorem 2.3. If σ and τ are two different algebra endomorphisms on a unique
factorization domain A, then D(σ,τ)(A) is free of rank one as an A-module
with generator
∆ :=
τ − σ
g
: x 7−→
(τ − σ)(x)
g
, where g = gcd ((τ − σ)(A)).
We now prove a useful result to be used in the proof of our main theorem
in Section 3.
Lemma 2.4. Let R and T be rings with the same identity such that R ⊂ T and
Z(R) ⊂ Z(T ) and G be a group. Let σ and τ be central R-endomorphisms of
RG and δ be an R-linear (σ, τ)-derivation of RG. Then δ can be extended to
a T -linear (σT , τT )-derivation δT of TG, where σT , τT are natural T -linear
extensions of σ and τ to TG that fix Z(TG) elementwise.
Proof. We first observe that if Z = Z(R) is the center of R, then given
r ∈ R, g ∈ G, we have rg = gr. So δ(rg) = δ(gr), that is, rδ(g) = δ(g)r.
Hence δ(g) ∈ ZG. In the same way, we can verify that σ(g), τ(g) ∈ ZG for all
g ∈ G. Thus, δ, σ and τ restricted to ZG induces a Z-linear (σ, τ)-derivation of
ZG. Now identifying TG with T⊗ZZG, σ and τ can be extended in a natural
way to T -linear endomorhisms σT and τT of TG by defining σT = 1⊗ σ and
τT = 1 ⊗ τ respectively. Clearly, σT and τT will fix Z(TG) elementwise. In
fact, if α ∈ Z(TG), then α =
∑
i ti ⊗ αi, where ti ∈ Z(T ) and αi ∈ Z(ZG).
Then, as σ fixes Z(ZG) elementwise, σT (α) =
∑
i ti⊗σ(αi) =
∑
i ti⊗αi = α.
Similarly, τT (α) = α. That is, σT and τT fix Z(TG) elementwise. Finally, we
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define δT : T ⊗Z ZG −→ T ⊗Z ZG by δT = 1⊗ δ. For
∑
g∈G
rgg,
∑
h∈G
shh ∈ TG,
δT

∑
g∈G
rgg
∑
h∈G
shh

 = δT

 ∑
g,h∈G
rgshgh

 = ∑
g,h∈G
rgshδ(gh)
=
∑
g,h∈G
rgsh
(
δ(g)τ(h) + σ(g)δ(h)
)
=
∑
g∈G
rgδ(g)
∑
h∈G
shτ(h) +
∑
g∈G
rgσ(g)
∑
h∈G
shδ(h)
= δT

∑
g∈G
rgg

 τT
(∑
h∈G
shh
)
+σT

∑
g∈G
rgg

 δT
(∑
h∈G
shh
)
.
Thus δT is a T -linear (σT , τT )-derivation of TG. 
Now we give a brief overview of some of the main problems in the field
of integral group rings. We will denote by U(R) the unit group of a ring R.
Recall that the subgroup of normalized units of the unit group of an integral
group ring ZG, that is, units of ZG having augmentation 1, is denoted by
V (ZG). We say two elements a and b in ZG are rationally conjugate if there
exists u ∈ U(QG) such that u−1au = b. Also recall the following definition:
Definition 2.5. For two finite groupsG andH an isomorphism φ : ZG −→ ZH
is called a normalized isomorphism if for every element α ∈ ZG we have that
ε(α) = ε
(
φ(α)
)
(or equivalently, if for every g ∈ G we have that ε(φ(g)) = 1),
where ε is the augmentation map.
We now state the conjectures.
The Isomorphism Problem:
(ISO) Let G and H be an arbitrary finite groups. Does ZG ∼= ZH imply
G ∼= H?
The Zassenhaus Conjectures, 1974: Given a finite group G:
(ZC1) Is every torsion element of V (ZG) rationally conjugate to an element
of G?
(ZC2) Is every finite subgroup of V (ZG), with the same order as G, rationally
conjugate to G?
(ZC3) Is every finite subgroup of V (ZG) rationally conjugate to a subgroup
of G?
(AUT) If θ is a normalized automorphism of ZG, then do there exist β ∈
Aut(G) and u ∈ U(QG) such that θ(g) = u−1β(g)u for all g ∈ G?
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We have the following relations between the different conjectures. For
the proofs of the following one can refer to Chapter 37, [Seh93].
Lemma 2.6. 1. (ZC3) =⇒ (ZC1) and (ZC2).
2. (ZC2) =⇒ (ISO).
3. (ZC2) =⇒ (AUT ).
4. (AUT ) + (ISO) =⇒ (ZC2).
3. Proof of Theorem 1.1
Let RG be the group ring of a torsion group G over a semiprime ring R with 1
such that [G : Z(G)] <∞. Let σ and τ be R-algebra central endomorphisms
on RG, that is, they fix the center of RG elementwise. Let δ be an R-linear
(σ, τ)-derivation of the group ring RG. We need to find a ring T such that
R ⊂ T and Z(R) ⊂ Z(T ) and some α ∈ TG such that δ = δα. That is, we
need to show that δT is a T -linear (σT , τT )-inner derivation of TG as then
there will exist some α ∈ TG such that for all g ∈ G,
δ(g) = δT (g) = ατT (g)− σT (g)α = ατ(g) − σ(g)α ⊆ RG,
where the notations are same as in Lemma 2.4. So δ will be equal to δα for
some α ∈ TG.
We first observe with the help of the arguments in the first paragraph of
the proof of Lemma 2.4, that δ, σ and τ restricted to ZG induces a Z-linear
(σ, τ)-derivation of ZG.
First assume that G is finite and p does not divide |G|, for every char-
acteristic p of R. Let R′ be the subring of Z generated by the finitely many
elements of R which occur as coefficients of elements in δ(G), σ(G) and τ(G).
Then δ restricts to an R′-linear (σ, τ)-derivation of R′G. Let us denote the
restriction of δ, σ, τ to R′G as δ′, σ′, τ ′ respectively.
Now,R′ is commutative, semiprime and Noetherian with 1. Let P1, . . . , Pn
be the finitely many minimal prime ideals of R′ (as R′ is Noetherian) and
Fi be the algebraically closed field containing R
′/Pi, 1 ≤ i ≤ n. Since
R′ is semiprime we have
⋂n
i=1 Pi = {0}. Hence R
′ can be embedded in
T ′ =
⊕n
i=1 Fi. Now by Lemma 2.4, δ
′ can be extended to (σ′T ′ , τ
′
T ′)-derivation
δ′T ′ of T
′G. Thus, it is enough to prove that δ′T ′ is (σ
′
T ′ , τ
′
T ′)-inner in T
′G.
Note that if the characteristic of Fi is a prime integer pi, then pi ∈ Pi.
Hence, pi
(
∩j 6=i Pj
)
= {0}. Thus, pi is a characteristic of R
′ and therefore,
pi does not divide |G|, 1 ≤ i ≤ n. Hence, by Maschke’s Theorem, T
′G is the
direct sum of full matrix rings over fields, say, T ′G = I1⊕· · ·⊕ Ik where each
Ij is generated as an ideal by a central idempotent.
Let ei be the central idempotent generating Ii as an ideal for each
1 ≤ i ≤ k. Now as σ′T ′ , τ
′
T ′ are central endomorphisms, for i 6= j we
have 0 = δ′T ′(eiej) = δ
′
T ′(ei)ej + eiδ
′
T ′(ej). Thus multiplying with ej we
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get δ′T ′(ei)ej = 0 for every j 6= i. Hence δ
′
T ′(ei) ∈ Ii and this implies
δ′T ′(Ii) ⊆ Ii. So δ
′
T ′ , σ
′
T ′ , τ
′
T ′ restricted to each component Ii will give a
(σ′T ′ , τ
′
T ′)-derivation on that component which will be inner by Corollary
2.2 induced by an element, say, αi ∈ Ii. Thus δ
′
T ′ will be (σ
′
T ′ , τ
′
T ′)-inner in
T ′G induced by the element α = α1+ · · ·+αk. So δ
′(γ) = ατ ′T ′(γ)−σ
′
T ′(γ)α
for all γ ∈ T ′G. Now we have a chain of rings, R′ ⊂ Z ⊂ R and R′ ⊂ T ′. Let
T = T ′⊗Z R. Then T
′ ⊂ T , so we have α ∈ TG and δ = δα. Hence the result
is proved for the case when G is finite.
Now, we consider the general case when G is a torsion group with [G :
Z(G)] < ∞. We first notice that δ(Z(G)) = 0. In fact, if z ∈ Z(G) with
o(z) = m, then δ(zm) = mzm−1δ(z) (by Lemma 2.1, part 6) and this implies
δ(z) = 0 as z is inveritble.
Now let X = {g1, g2, . . . , gn} be a transversal of Z(G) in G. For every index
i, 1 ≤ i ≤ n, we write
δ(gi) =
∑
i,j,k
αijkzijkgk, zijk ∈ Z(G), αijk ∈ T.
Also for i, j = 1, 2, · · · , n let gigj = cijgk, cij ∈ Z(G). Denote by H the
subgroup of G generated by all the elements zijk, cij , gk. Since G is torsion
and Z(G) is abelian, it follows that H is finite. Also, the restriction δ|RH
is an R-linear (σ, τ)-derivation of RH. By the first case δ|RH = δα|RH for
some α ∈ TH . Now, given an element g ∈ G, write g = zgi with z ∈ Z(G),
1 ≤ i ≤ n. Then:
δ(g) = zδ(gi) = z(ατ(gi)− σ(gi)α) = αzτ(gi)− zσ(gi)α = ατ(g)− σ(g)α.
Hence, the result.
4. Applications
We first discuss the necessary and sufficient conditions for a Z-linear (σ, τ)-
derivation on ZG to be (σ, τ)-inner for a given pair of endomorphisms σ and
τ on ZG.
Theorem 4.1. Let G be a finite group and σ and τ be central endomorphisms
of ZG. Let δ be a Z-linear (σ, τ)-derivation of ZG. Let us denote δ(g) =∑
x∈Gm
g
xx, τ(g) =
∑
t∈G c
g
t t and σ(g) =
∑
s∈G b
g
ss for every g ∈ G. Then δ
will be (σ, τ)-inner in ZG if and only if gcdh∈G
(
cg
h−1x
− bg
xh−1
)∣∣mgx for every
g ∈ G and x ∈ G.
Proof. As σQ, τQ are central Q-automorphisms of QG, by Theorem A, part
1, δQ will be (σQ, τQ)-inner in QG. Hence, δ(g) = ατ(g)− σ(g)α ⊆ ZG for all
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g ∈ G and some α ∈ QG. Now,
δ(g) = ατ(g) − σ(g)α
=
∑
h∈G
αhh
∑
t∈G
cgt t−
∑
s∈G
bgss
∑
h∈G
αhh
=
∑
ht=x
αhc
g
tx−
∑
sh=x
bgsαhx =
∑
x∈G
mgxx ∈ ZG.
So we have for every x ∈ G,∑
h∈G
αh
(
cg
h−1x
− bg
xh−1
)
= mgx.
Thus for each x ∈ G we have a non-homogeneous linear equation in n vari-
ables x1, x2, . . . , xn with integral coefficients where n is the order of G. That
is, we have:(
cg
h
−1
1
x
− bg
xh
−1
1
)
x1 +
(
cg
h
−1
2
x
− bg
xh
−1
2
)
x2 + · · ·+
(
cg
h
−1
n x
− bg
xh
−1
n
)
xn = m
g
x,
where hi ∈ G, 1 ≤ i ≤ n. Again for each g ∈ G we will have another
n such equations and so on. Now αhi ∈ Q, 1 ≤ i ≤ n is a solution for
all these equations. As the coefficients are all integers, these equations will
have an integer solution if and only if gcdh∈G
(
cg
h−1x
− bg
xh−1
)∣∣mgx for every
g ∈ G. This in turn implies that δ will be (σ, τ)-inner in ZG if and only if
gcdh∈G
(
cg
h−1x
− bg
xh−1
)∣∣mgx for every g ∈ G. 
Corollary 4.2. Let G be a finite group and σ and τ be group endomorphisms
that can be realized by conjugation with a unit in ZG and such that they are
central endomorphisms of ZG. Then every Z-linear (σ, τ)-derivation of ZG
is (σ, τ)-inner.
Proof. It follows easily from Theorem A part 2 and Theorem 4.1. 
Remark 4.3. Note that now we obtain Theorem A part 2 for the case R = Z as
a corollary of Theorem 4.1 as σ(G), τ(G) ⊆ G. The elements
(
cg
h−1x
− bg
xh−1
)
will be either 0 or 1. Hence the result.
Now we discuss the connection of the main conjectures to the twisted
derivations of integral group rings. For a ring R, we will denote by [R,R]
the additive subgroup of R generated by the Lie brackets [x, y] = xy − yx
for x, y ∈ R. Given any automorphism φ of ZG, we can define a unique
normalized automorphism ψ of ZG in the following manner:
ψ
(∑
g∈G
rgg
)
=
∑
g∈G
rgε(φ(g))
−1φ(g).
So very little generality is lost if we assume σ and τ to be normalized auto-
morphisms of ZG in the next theorem.
Theorem 4.4. Let G be a finite group and σ and τ be normalized central
automorphisms of ZG. If ZG has a positive solution to (ZC2), that is, every
finite subgroup of V (ZG) with the same order as G is rationally conjugate to
G, then:
Twisted Derivations of Group Rings 9
1. Any Z-linear (σ, τ)-derivation δ of ZG for every β ∈ ZG will be of the
form δ(β) ≡ ασ(γβ −β) mod [QG,QG] for some α ∈ QG and γβ ∈ ZG.
2. There exist central automorphisms σ1 and τ1 of ZG such that any Z-
linear (σ1, τ1)-derivation is (σ1, τ1)-inner.
Proof. 1. Any Z-linear (σ, τ)-derivation δ of ZG can be extended to a Q-
linear (σQ, τQ)-derivation ofQG. As σQ, τQ are centralQ-automorphisms
of QG, by Theorem A, part 1, δQ will be (σQ, τQ)-inner in QG. Hence,
δ(g) = ατ(g) − σ(g)α ⊆ ZG for all g ∈ G and some α ∈ QG. Now as
G is finite and σ and τ are normalized automorphisms of ZG, we have
τ(G) and σ(G) are finite subgroups of V (ZG). As ZG satisfies ZC2,
we have τ(G) and σ(G) are rationally conjugate. That is, there exists
u ∈ U(QG) such that τ(G) = u−1σ(G)u. So for g ∈ G, we will have
τ(g) = u−1σ(hg)u for some hg ∈ G. Then for g ∈ G, we have
δ(g) = ατ(g) − σ(g)α
= ασ(g)− σ(g)α + ατ(g)− ασ(g)
≡ α(τ − σ)(g) mod [QG,QG]
= αu−1σ(hg)u− ασ(g) mod [QG,QG]
= αu−1σ(hg)u− αu
−1uσ(hg) + ασ(hg)− ασ(g) mod [QG,QG]
≡ ασ(hg − g) mod [QG,QG].
Thus extending by linearity for every β ∈ ZG we will get some γβ ∈ ZG
such that δ(β) ≡ ασ(γβ − β) mod [QG,QG].
2. As ZG satisfies (ZC2), it satisfies (AUT ) as well (Lemma 2.6). As σ
and τ are central automorphisms of ZG, there exist u, v ∈ U(QG) and
σ1, τ1 ∈ Aut(G) such that σ(g) = u
−1σ1(g)u and τ(g) = v
−1τ1(g)v
for every g ∈ G. So σ1 and τ1 when extended linearly will be central
automorphisms of ZG and hence by Theorem A part 2, any Z-linear
(σ1, τ1)-derivation δ on ZG will be (σ1, τ1)-inner.

Remark 4.5. It follows from Lemma 2.6 and Theorem 4.4 that if a group
G is such that ZG satisfies (ZC3) then for central automorphisms σ and τ
of ZG, a Z-linear (σ, τ)-derivation δ of ZG will satisfy similar properties as
Theorem 4.4 part 1. If ZG satisfies (ISO) and (AUT) then in addition to the
above there will exist central automorphisms σ1 and τ1 of ZG such that any
Z-linear (σ1, τ1)-derivation will be (σ1, τ1)-inner.
Now we come to twisted derivations of commutative group algebras.
Theorem 4.6. Let G be an abelian group and R be a commutative ring with
1 of characteristic 0 or p such that (p, o(g)) = 1 for every torsion element
g ∈ G. Let σ and τ be two different endomorphisms of RG. If there exists
b ∈ RG such that τ(b) − σ(b) ∈ U(RG), then any R-linear (σ, τ)-derivation
of RG is of the form: δ = (τ(b) − σ(b))−1δ(b)(τ − σ).
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Proof. For any a ∈ RG, as RG is abelian, we have ab−ba = 0, where b ∈ RG
is such that τ(b) − σ(b) ∈ U(RG). So,
0 = δ(ab− ba) = δ(a)τ(b) + σ(a)δ(b)− δ(b)τ(a) − σ(b)δ(a)
= δ(a)
(
τ(b)− σ(b)
)
) + δ(b)
(
σ(a)− τ(a)
)
Thus we have for any a ∈ RG
δ(a) =
(
τ(b)− σ(b)
)−1
δ(b)(τ − σ)(a).

Remark 4.7. If K is a field and G a torsion free abelian group, we can think
of KG as the ring K[x±11 , x
±1
2 , · · · ] which is a UFD. Then by Theorem 2.3 we
can conclude that the module of all (σ, τ)-derivations of KG for two different
endomorphisms σ and τ of KG, will be free of rank one as a KG-module
generated by δ = (τ−σ)
g
where g = gcd(σ − τ)(KG).
Now we give a counter example to show that Theorem A and thus
Theorem 1.1 does not hold in general. We give an example of an infinite
group G which is both locally finite and nilpotent and such that for every
field F , there exists an F -linear σ-derivation of FG which is not σ-inner.
Example 1. Let H be a finite non-abelian nilpotent group and σ1 be an
automorphism of H that fixes each conjugacy class. Let G = ΠiHi be the
direct product of infinitely many copies of H and we call the automorphism
induced by σ1 to G as σ, that is, σ = Πiσ1i. Now, G is a locally nilpotent
group and can be written as G =
⋃
nGn where Gn = Π
n
i=1Hi. Consider any
field F and the group algebra FG. Let the F -linear extension of σ to FG be
also denoted by σ. Not that σ will be central in FG. Let τ be the identity
homomorphism of FG. Our aim is to find an F -linear σ-derivation of FG
that is not σ-inner on FG.
Let xi be any non-central element of Hi and define δ : FG −→ FG by
δ(α) =
∞∑
i=1
xiα− σ(α)xi.
Notice that, if α ∈ FGn, then all summands after the n-th term are zero
and hence δ(α) ∈ FGn. Now δ is a σ-derivation of FG with δ restricted
to FGn being the σ-inner derivation induced by x1 + x2 + · · · + xn. Now,
δ(Hi) 6= 0 for all indices i. Thus there exists no element x with finite support
such that δ(α) = xα − σ(α)x. That is, there does not exist any element x
in the group algebra FG such that δ is σ-inner induced by x. Thus δ is a
F -linear σ-derivation of FG, but it is not σ-inner.
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